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Scale and Rotation Invariant Matching
Using Linearly Augmented Trees
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Abstract—We propose a novel linearly augmented tree method for efficient scale and rotation invariant object matching. The proposed
method enforces pairwise matching consistency defined on trees, and high-order constraints on all the sites of a template. The pairwise
constraints admit arbitrary metrics while the high-order constraints use L1 norms and therefore can be linearized. Such a linearly
augmented tree formulation introduces hyperedges and loops into the basic tree structure. But, different from a general loopy graph, its
special structure allows us to relax and decompose the optimization into a sequence of tree matching problems that are efficiently
solvable by dynamic programming. The proposed method also works on continuous scale and rotation parameters; we can match with
a scale up to any large value with the same efficiency. Our experiments on ground truth data and a variety of real images and videos

show that the proposed method is efficient, accurate and reliable.

Index Terms—Object matching, scale and rotation invariance, high-order model, linearly augmented tree, linear optimization,

decomposition method

1 INTRODUCTION

MATCHING objects in cluttered images is a challenging
task because the target object may appear rotated,
scaled and locally deformed. To handle shape variation,
object matching is naturally formulated as a graph matching
problem, in which the object is divided into parts represented
by graph nodes and coupling between parts is represented by
graph edges. The task of matching is to assign a target candi-
date to each graph node so that the assignment has low cost
and the matching is consistent with the constraints defined on
the graph edges. Graph matching is NP-hard in general. The
loops and high-order coupling among graph nodes exacer-
bate graph assignment in object matching.

We propose a novel formulation for scale and rotation
invariant object matching. In our model, the object parts
follow basic tree relations and we also introduce global
constraints that couple all the tree nodes. These global
constraints can be linearized and we call this class of con-
straints linearly augmented tree (LAT) constraints. We solve
the object matching problem with the LAT constraints by
decomposing it into a sequence of tree matching problems,
each of which can be efficiently solved by dynamic pro-
gramming (DP).

Object matching has been intensively studied. A large
class of graph matching techniques are based on discrete
energy minimization. If the energy function is submodu-
lar then it can be efficiently minimized using max-flow

o H. Jiang is with the Computer Science Department, Boston College,
Chestnut Hill, MA.

o T.-P. Tian is with the GE Global Research, Niskayuna, NY.

e S. Sclaroff is with the Department of Computer Science, Boston Univer-
sity, Boston, MA.

Manuscript received 11 Aug. 2014; revised 15 Jan. 2015; accepted 18 Feb.
2015. Date of publication 3 Mar. 2015; date of current version 6 Nov. 2015.
Recommended for acceptance by H. Ishikawa.

For information on obtaining reprints of this article, please send e-mail to:
reprints@ieee.org, and reference the Digital Object Identifier below.

Digital Object Identifier no. 10.1109/TPAMI.2015.2409880

algorithms [18], [15]. Alternatively, if the underlying
graph is a tree then dynamic programming can be used
[14]. The inference on the tree structure is efficient; how-
ever, tree structure models are not sufficient for many
real world problems. Scale and rotation invariant match-
ing require a non-tree model since additional constraints
are required to enforce all the model points to follow
roughly the same global transformation. Matching with
loopy graph structures is NP-hard in general. Different
approximation methods have been proposed. Popular
techniques include loopy Belief Propagation [19], conver-
gent Tree Reweighted Message Passing [27], integer qua-
dratic programming [21], interior point method [25],
primal-dual techniques [26] and dual decomposition [35],
[34]. These methods have been successfully applied in
tackling different vision problems such as image match-
ing and segmentation.

Other optimization methods such as convex-concave
programming [1], concave programming [5], eigendecom-
position [2], and linear programming [3] have also been
studied to tackle graph matching problems. These graph
matching methods try to find a permutation matrix that
quantifies the matching from a template graph to a target
graph. Spectral graph methods [29], [7], [8] use quadratic
programming to find the matching by solving eigenvalue
problems. Other methods for quadratic programming in
graph matching employ successive iterative projection [10],
graduated assignment [9], integer projected fixed point [11],
random walks [12] and game theory [39]. These previous
methods handle only discrete variables, e.g. binary assign-
ment variables, even though continuous procedures are
often used during optimization. It is difficult to generalize
these minimization techniques to handle a mixture of
discrete assignment and continuous variables in a matching
problem that has LAT constraints, e.g., the scale and rota-
tion parameters are continuous while the point assignment
is discrete. A typical workaround is to quantize these
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continuous variables and then apply the matching algo-
rithm in each of the quantized discrete settings. However,
such a simple solution is not ideal. The quantization
approach generates many matching cases and is very slow.
Quantization also introduces errors and affects the result.

Our optimization algorithm avoids such an ad-hoc quan-
tization step by using a decomposition method that splits
the relaxed problem into a master and slave optimization.
The master problem optimizes over the set of continuous
variables, and the slave problem performs efficient combi-
natorial optimization over the discrete variables in order to
generate proposals for the master problem. Furthermore,
the previous cited works only model low-order constraints
(typically up to two or three) and in contrast, we use the
LAT to model high-order constraints that couple all the
model points in the matching.

Other matching techniques do not use an explicit graph
template. The Hough Transform [16] is a robust and effi-
cient voting method. However, it needs a careful quantiza-
tion of the parameter space. Soft assign [20] alternates point
matching and global transformation estimation. RANSAC
[33] randomly generates and verifies a large set of possible
matches. These methods do not need to quantize the global
transformation parameters, but their performance deterio-
rates rapidly when clutter increases and features weaken. In
our experiments, we show that matching using LAT con-
straints is reliable even when the scene is highly cluttered
and the features used for matching are weak.

Two closely related works are linear matching [28] and
the local affine [36], [30] method. These methods have dif-
ferent drawbacks. In [28], the pairwise constraints must use
the L1 norm, and the scaling range must be known before-
hand so that the scale parameter can be quantized. Our pro-
posed method uses a different strategy to achieve an
efficient solution: we use a tree decomposition and dynamic
programming in this paper, whereas in [28] we use the
lower convex hull approximation trick and discard ineffec-
tive target points. The lower convex hull approximation is
not preferable if the features are very weak. The lower con-
vex hulls of weak features are flat; they do not have enough
structure to guide the search to the global optimum. The
method in this paper does not need to approximate the tar-
get matching surfaces with convex hulls; as a result, it is
more robust when handling weak features and local match-
ing ambiguity. Moreover, the method in [36], [30] tends to
match small structures when features are weak, whereas
our proposed method eliminates such a bias.

In summary, the contribution of this paper is threefold:

o  Novel linear augmented tree (LAT) model. We propose a
new graph model to tackle object matching problems
in computer vision. Such a model allows arbitrary
metrics for the pairwise costs on trees and it also
allows powerful high-order constraints that couple
all the nodes. The LAT model is as powerful as the
more complex non-tree high-order models and, at
the same time, the inference on the model is efficient.

o New formulation for rotation and scale invariance. We
propose a new linear formulation to tackle rotation
and scale invariant matching. We show that the for-
mulation is a special case of the LAT inference
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Fig. 1. Matching a template to a target object using linearly augmented
tree (LAT) model. Our method allows arbitrary pairwise constraints
defined on the basic tree edges and linear high-order constraints that
couple all the model nodes.

problem. Our method finds point matching and
global rotation and scale simultaneously. It does
not need to quantize the scale and rotation angle
because they are directly handled in the continu-
ous domain. The proposed method also allows vir-
tually unbounded scaling so that users do not
have to guess the scale range.

o  Efficient matching algorithm. Our algorithm efficiently
solves the matching with LAT constraints by relaxing
the problem and decomposing it into a sequence of
efficient dynamic programming problems. Further-
more, the relaxed problem can be solved optimally.

2 ScALE AND ROTATION INVARIANT MATCHING

We formulate scale and rotation invariant matching using
linearly augmented tree constraints (Fig. 1). Given a set of
template points Z and target candidate points .7, the match-
ing problem is formulated to search for three items, namely
the mapping from model parts to the target candidates
f:Z — J, rotation angle 6, and scale s, to minimize the
objective function

c(f,60,50) = cu(f) + ci(f, 60, 50) + c4(f, 00, 50)- (€))

The unary cost term

culf) =N cli, f) 2)

i€l

is the sum of matching costs c(i, f;) between each model
point ¢ and its target point f;, where X is a weight coefficient.
The scale and rotation term,

Ct(f,G(],So) =K Z d(@((p,q),(fp,fq)),eo)

(p@)eN

+y Z ‘5((]77 Q)v (fpafq)) - 50|a

(p.)eN

(3)

encourages pairs of model points to have similar rotation
angle 6, and scale factor sy in the matching. A, the set of
neighboring model points, corresponds to the edges of a tree.

0((p,q), (f», f,)) is the rotation angle from vector pq to m,
and s((p, q), (fp, f,)) is the scaling factor between the two vec-
tors. Fig. 1 illustrates the matching of a pair of model points.
InEq. (3), d(.) computes the difference of two angles, and coef-
ficients 1 and y control the weight. The optional term

Cg(f: 60750) = ¢g(807907h‘(1)7 .. '7h(n)ih(fl)a < ’7h(fn))> (4)
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introduces an extra constraint across all the model points
(|Z| =n), and h(.) is a function that maps model points
and target points to some quantities, e.g., the coordinates.
We require that g(.) in Eq. (4) contains only the L1 norm
term with positive coefficients and linear operations on
quantities of the model and target points. ¢ is a coeffi-
cient. This optional term gives the formulation flexibility
to adapt to problems that require more complex con-
straints. As shown later, the scale-rotation term c; and
the term ¢, can be linearized and form hyperedges on
the basic tree nodes. Thus, the formulation follows an
LAT model.

Even though the basic structure of an LAT model is a
tree, the linear high-order constraints make the optimiza-
tion difficult to solve. A naive discretization method is
infeasible if the scale upper bound is unknown; quantiz-
ing rotation angles and scales would result in too many
discrete cases. Instead, we propose to encode the problem
as a mixed integer linear program and show how to
exploit its special LAT structure to design an efficient
algorithm.

2.1 Linearization

We now describe how to encode the minimization of
c(f,00,50) (Eq. (1)) as a mixed integer linear program.
Assume that there are n model points and m target points.
Let [[z]] =1 if the predicate w holds and 0 otherwise. We
introduce an n x m matrix X and m x m matrix Y, , whose
elements

and if: pr:i/\fq:jn

The matrix X indicates the matching of model points to
target points, and the matrix Y}, , indicates the matching of a
model point pair (p,¢) € N to target point pairs. Note that
for each Y matrix 7, j are in fact the element indexes in the
matrix, p and g are fixed. We enforce X to be an assignment
matrix with the unity constraint X1,, = 1,, where 1,, is an
all one element vector of length m. The X and Y matrices
are related by

X'ep=Yyglp, and X'e,=Y]1,,

where the n-vector ¢, = [0,0,... ,O}T has a single
unity element at p.

The unary cost term defined in Eq. (2) can be represented
as tr(CTX) where C = [c(i, )] is the matching cost matrix
whose element ¢(4, j) is the matching cost from model point
1 to target point j.

The rotation term. For a model point pair (p,q) € N, we
assume p matches target point ¢ and ¢ matches j. Let the

,1,0,...

rotation angle from vector pg to ij be 67! and the m x m

rotation angle matrix ©,, = [6]'f]. If the target vector ij
degenerates to a single point then ¢}/ is assigned a random
number in [0,2x]. The rotation angle for the model point
pair (p, ¢) can be represented as tr(Y) ©,,). We require that
all the model point pairs share similar rotation in the match-
ing so that the object’s spatial structure is maintained. To
this end, we may minimize », |tr(Y;j€1®,,‘q) — 6|, where
0y is the overall (unknown) rotation angle, but this method
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does not work near the boundary between angle 0 and 2.
To avoid the difficulty, we split the rotation term into cosine
and sine terms:

Z {}tr(YJq cos (0,,)) — u0| + }tr(YJq sin (0,,,)) — U0|},
(pa)eN

where uy and v, correspond to the cosine and sine of the
unknown rotation angle 6,, and cos(.) and sin (.) apply to
each element of matrix 0,,. The absolute value terms are
converted into linear functions by using a standard auxil-
iary variable trick [24]. Essentially, by introducing two non-
negative auxiliary variables y™ and y~, min|z| is equivalent
to min(yt +y ), st.x =y" —y . It is easy to verify that
either y™ or y~ has to be zero and therefore |z| = y™ + y~
when the optimum is achieved.

The scaling term. The spatial consistency constraint fur-
ther enforces that the line segments between neighboring
model points should scale uniformly. Similar to the rotation
matrix 0, ,, we define an m x m scaling matrix S, , for each
pair (p,q) € N. The scaling for model point pair (p,q) is
therefore tr(Y;f(]Sp,q). To enforce the scaling consistency, we
minimize

Z |0 (Y, Sp.0) — 50l

(P.g)eN

where s is the global scaling factor. We can linearize this
term with auxiliary variable tricks similar to the rotation
term.

Other optional terms. Apart from the above terms, we can
also introduce the optional term c, in Eq. (1), which is
composed of L1 norms and linear functions of the quantities
attached to model and target points. In our formulation,
¢, may have 6, and s as parameters. For instance, to match
unreliable regions, we can globally constrain the overall tar-
get area to be similar to the template area multiplied by a
scaling factor. If the optional term follows the aforemen-
tioned constraints, it can be linearized: each |v| term in
g becomes a summation of two non-negative auxiliary vari-
ables in the objective and their difference is set to equal v in
the constraints.

We now obtain a mixed integer linear formulation of the
nonlinear optimization in Eq. (1):

> [wluy, +uy,

max{ - Atr(CTX) —
(Pg)eN

(%)
+ v;q + U;,q) + V(S;q + S;q)} - ¢go(w)}7

subject to:

tr(Y]fq cos (0,,)) —uy — u;q +u,, =0,
T _
tr(Y}W sin (0,,)) — vy — v;q +v,, =0,
T —
tr(Y,,,Spq) — S0 — 8;;{1 +s,,=0,

ge(X,w) =0,
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Fig. 2. LAT model and trellises. Thick lines indicate the paths.
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where X and Y are binary matrices. The linear function g, is
induced by the optional constraints; it is a linear function of
X and non-negative auxiliary variables w. In the objective,
the X terms have been absorbed into the first cost term and
we denote g, as a function of w. The constraint function
g corresponds to all the L1 norm terms in the optional term.

In Eq. (5), the original minimization is changed to maxi-
mization of the negative. An extra constraint |ug| + |vo| = 1
is included to approximate the orthonormal constraint
u? 4+ v} = 1. The bounds [a,b] and [c,d] are determined by
the quadrant of the approximation line. For instance, if
up+v9 =1, we have a =0,b=1 and ¢ =0,d = 1. We find
the optimum among four quadrants. This constraint is
optional; when included it improves the quality of the relax-
ation. We also include an upper bound M for the auxiliary
variables; M is a large number to avoid the unbounded
solution when the program is decomposed. The scale is
upper bounded by L and lower bounded by a small number
e. In this paper, M = L =1,000, and e = 0.001. Another
small change in the optimization is the maximization of the
negative of the original objective to achieve the minimiza-
tion. This does not change the optimum; it is for the clarity
of discussion using the shadow price concept: we maximize
the profit given some resources, where the resources are the
righthand side values (the constant part) of the constraints
and they can be priced out with shadow prices.

It helps to visualize the mixed integer linear program using
coupled trellises as illustrated in Fig. 2. By expanding the aug-
mented tree nodes, we obtain a set of coupled trellises. Each
trellis node corresponds to an X variable, and the edges
between the candidate nodes of two neighboring model
points correspond to a Y matrix. The optimization can thus be
treated as searching for the optimal “paths” starting from a
tree root node candidate and ending at a candidate of each
tree leaf node. If the paths pass a node, the corresponding X
variable is 1 and otherwise 0. If the paths pass an edge, the cor-
responding Y variable is 1 and otherwise 0. The cost of the fea-
sible paths is the summation of the node costs, the scale-
rotation cost and other optional costs induced by g. Due to the
constraints that couple the tree branches, searching for the
optimal paths in the trellises is a hard problem.

The optimization in Eq. (5) can be relaxed into linear
programs and solved by the simplex method. However,
when the target point number approaches thousands or mil-
lions, directly solving the large scale optimization becomes
infeasible. Fortunately, with the LAT constraints, it can be
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decomposed into a sequence of efficient dynamic program-
ming problems.

2.2 Decomposition into Dynamic Programming

It is the scale, rotation and the g constraints, the boxed con-
straints in Eq. (5), that complicate the optimization. Without
the “complex” constraints, the problem turns into an optimi-
zation on a tree. The complex constraints introduce links
(hyperedges) among all the tree nodes. If we find feasible
solutions on the tree, we may use their linear combinations
to satisfy the complex constraints and to optimize the objec-
tive based on Dantzig-Wolfe decomposition [40]. However,
a naive decomposition of the optimization into a sequence of
linear programs slows down the optimization and increases
the memory usage. In the following, We show how to use
the special LAT structure and convert our problem into a
sequence of efficient dynamic programs on trellises.

We rewrite Eq. (5) in a compact format:

max{cTw : Az =r,Bx = e}. (6)

Abusing notation, we use the vector z to indicate the varia-
bles in Eq. (5), i.e., x includes the X, Y, ug, vo, so and auxil-
iary variables. We use the vector ¢ to denote the objective
coefficients in Eq. (5). The complex constraints (boxed) are
denoted as Az =71 and other constraints are denoted as
Bx =e.

Initialization. We first remove the complex constraints Az =
r and obtain a linear program LP;. We select the lowest cost
target point for each model point to maximize LP;. The auxil-
iary variables u} ,u, v v, s ., and ware bounded in
LP;. Since their coefficients are negative in the objective func-
tion, they all should take their lower bounds. We determine
the values of sy, uy and vy using the same method.

We obtain two feasible solutions of LP, such that their
linear combination satisfies the complex constraints. From

. . L L
the initial solution, we can always reset u, ,,u, v, ., V,

8505, and w so that ofry=r;+1 and afzy =7 -1,
where «; is the coefficient vector corresponding to the ith
row of A and r; is the ith element of r. The solution
(21 + x2)/2 is feasible for both the simple and the complex
constraints. Thus, z; and z, serve as the first two proposals.

Updating tree trellis for new proposals. The goal is to find
new proposals and the weights so that we can combine the
proposals to optimize the objective and satisfy the complex
constraints. Assume that we have k£ — 1 proposals and we
introduce the kth proposal z;, so that

k k k
E )\jCTJJj : E )\ja?l‘j =T, E )\j =1 5
Al A >0 - " ) -
' J=1 J=1 J=1

max
¢0)

where )\ is the weight vector for the proposals. For the previ-
ous k — 1 known proposals, we price out the constraints of
Fy.—1y with shadow prices, which equal the optimal dual
variable values. We denote the ith constraint’s shadow price
as d; and the unit sum constraint’s shadow price as 8. Based
on the simplex method, by introducing the new proposal,
the maximal gain of the objective is A\i(cTz), — >, o dizy, —
8), recalling that the shadow price is the change of the

[FR] :
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objective per unit change of the righthand side (the constant
part) of a constraint. To improve the objective, the gain has
to be greater than 0. Instead of randomly searching for a
new proposal, based on the Dantzig-Wolfe decomposition
[40], we choose the z; that maximizes the gain: stripping
away the )\; and 8, we maximize é(z) = (¢! — Y, el d;)z, i.e.,

xp = arg max {¢(x) : Bx = e}, (®)

where the set of constraints includes the tree constraints and
other bound constraints.

Using the LAT structure, we solve Eq. (8) via dynamic pro-
gramming. Since the constraint matrix B excluding the col-
umns and rows for variables other than X and Y is totally
unimodular, and X, Y and the other variables are separable,
we always have integer solutions for X and Y, and the opti-
mization is equivalent to finding the longest paths on trel-
lises expanded from the tree defined by A. We optimize the
trellis paths and other variables separately: To optimize the
paths on the trellises, we first update their edge weights
based on the Y variable coefficients in ¢(x) (all X variables
have been substituted by Y variables) and then we use
dynamic programming to implicitly enumerate all the feasi-
ble paths. The auxiliary variables and sy, up, vop and w in
Eq. (8) take their lower bounds or upper bounds depending
on the signs of their coefficients in ¢(x).

Termination condition and looping. We check the optimal
objective é(x*) of the dynamic programming and proceed as
follows

é(x*){ >§ add z* as a proposal ©)

< terminate.

Therefore, if the gain ¢é(x) is greater than 8§, we introduce a
new proposal, update the trellises and solve a new dynamic
program; otherwise, the iteration terminates. The iterative
process is finite and terminates with the optimum solution
for the relaxed problem [40]. The optimal solution is a linear
combination of the proposals.

Obtaining integral solution. The optimal solution for the
relaxed solution is fractional. We convert it into an integral
solution by solving a mixed-integer program. We solve the
mixed-integer program that keeps only the non-zero value
target points. We observe that in practice there are very few
non-zero assignment variables in the relaxed solution;
therefore, the complexity of this stage is negligible. This
scheme ensures that if the optimal target point for each
model point is non-zero in the relaxation, then the global
optimum is achieved. The small mixed-integer program is
solved using a branch and bound method. The complete
procedure is summarized in Algorithm 1.

Algorithm 1. Scale and rotation invariant matching on
linearly augmented tree (LAT) (Eq. (5))

Initialize Get feasible solutions x; and x5 and set k = 2.
repeat

Solve Fj, (Eq. (7)) and k ==k + 1
Update trellis weight (Eq. (8)) and use dynamic program-
ming to solve for ;.

until convergence (Eq. (9)).
Obtain integral solution.
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T1 °
T2 °
T3 °
T4 b
S2 S1 S3
(a)

Fig. 3. The trellises for tree matching in the first (a) and last (b) stage of
iteration. S1, S2 and S3 denote the three model points and T1, T2, T3
and T4 denote the four target candidates. The warm color indicates high
value and cool color indicates low value. The tree optimization finds the
matching such that the total edge value is the highest. The thick edges
indicate the optimal matching. Note that links in this illustration are differ-
ent from the ones in Fig. 5.

As a further remark, our approach is different from the
Dual Decomposition [35]. The Dual Decomposition solves a
different problem:

min Zfl(m) subject to  z € C,

where C is a convex set. It is assumed that optimizing over
the individual problems, i.e., min{ f;(z) : = € C} is tractable.
Its primal and dual problems are:

[P] miani(mi), st.z;=x, ; €C Vi

(D] m/\axriu?z:(f?(acl) + Ni(xi —x)), st.x €C,x; € C Vi.
The dual problem [D] is separable and the projected subgra-
dients are used to optimize the dual. Our approach is there-
fore different from the Dual Decomposition [35]. Our
method decomposes the constraints and optimizes on a tree.
Toy example. We match a three-point template in red to
the blue target points (Fig. (5)). The template’s basic graph
is a tree with A" = {(1,2), (1, 3)}. Model point 1 matches tar-
get point 1 with cost 10, and all the other points with cost 9.
Model points 2 and 3 match every target point with cost 10.
In this example, we ignore the optional term g. However,
we still include the hyperedge term that involves scale and
rotation consistency; it is non-trivial to solve. We construct
the proposed model and solve the optimization using
Algorithm 1. The solution process involves a sequence of
trellis updating. In the following, we show one of the four
linear programs that achieve the global optimum. Initially,
the trellises are shown as Fig. 3a. The color of the edges
illustrates their weight. The assignment on trees can be
efficiently computed via dynamic programming: the result
is1—2,2—1,3— 1. sy, u, vp and auxiliary variables take
their lower or upper bounds based on the signs of their
objective coefficients. We update the trellises using the pro-
posed scheme so that a new tree solution linearly combined
with previous proposals improves the objective. The trel-
lises evolve and at the last stage they are as shown in
Fig. 3b. The tree solution is 1 — 2,2 — 1,3 — 3, which is
the optimum. Fig. 4a shows the assignment and rotation-
scale parameters in different proposals. Fig. 5 shows how
the floating-point assignments for model points 1, 2, 3 and
the values for sy, ug, vo change in each iteration. Fig. 4b
shows the convergence process: the dynamic programming
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Fig. 4. (a): The proposals for the toy example. Sites 1-3 are nodes for the
three template points, each of which may take value 1, 2, 3 or 4 that cor-
responds to the label of four target points. The proposal variables also
include cosine and sin of the rotation angle and the scale. The auxiliary
variables are in fact also proposal variables; their values are not shown.
(b): Convergence of the toy example.

solution approaches § and the gap approaches zero as the
objective improves. The proposed method yields integral
solution; it is the global optimum.

Real image example. In Fig. 6 we match a fluffy animal. We
find the region matching from the template to the target
object. It is challenging to match these unreliable regions
due to random superpixel splitting and merging. The pro-
posed method constructs four linear programs. In Fig. 6,
rows 2-5 show the intermediate matching during iterations
in the optimization. The proposed method gives an accurate
matching result when the iteration terminates. It is interest-
ing to see that non-optimal solutions in the intermediate
stages may give results quite far from the true matching. It
is thus necessary that we try to approach the global opti-
mum. The matching improves as more proposals are
included. The last subfigure in Fig. 6 row 5 shows the result
from further along in the branch and bound procedure.
Fig. 8a shows the trend of the objective function, tree

3

3} Obj: ~1829.000 3| Obj: -426.947 3| Obj: -283.140 3| Obj: -131.178
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Fig. 5. Matching a three-point template. The proposed algorithm
achieves optimum in 34 iterations, in which eight samples are shown.
The gray levels of lines indicate the assignment strength.

objective function and §, as the iteration proceeds. The
objective is optimized as the gap between the tree objective
and § approaches 0. The optimal linear program takes 525
iterations in this example.

Fig. 7 shows another example of matching the regions of
a person in real images. There is large rotation and scale
change in this example. Our method yields accurate match-
ing. Fig. 8b shows the trend of energy evolution as the itera-
tion converges to the optimal matching.

Complexity. The complexity of the proposed method
depends on the size of the tree structure matching and
the linear program for fusing the proposals. A standard
dynamic programming solution for tree matching is
O(nm?) where n is the number of model points and m is the
number of target points. If we can embed the target points

Fig. 6. Matching a fluffy animal. Row 1, from left to right: the template image, target image, model overlaid on the template image and target image
superpixels. Rows 2-5: The matching improves as more proposals are included. Here we show the iterations of the optimal linear program (four linear
programs are solved in the optimization). The matching result is obtained by rounding the floating point solution. The final matching result (in row five)

is from the branch and bound procedure.
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Fig. 7. Matching a person. Row 1: The template image, target image, model overlaid on the template image, and target image superpixels. Rows 2-5
show the iterations as more proposals are included. The matching result is obtained by rounding the floating point solution. The last matching result

in row 5 is from the branch and bound procedure.

on grids, the complexity can be reduced to O(nm). The com-
plexity of Fj, in Eq. (7) is independent of the n and m. It is
mostly determined by the number of complex constraints
t and the number of proposals k. With the simplex method,
the average complexity is roughly tlog(k) [24]. Therefore,
the overall complexity of is O(k(nm? + t log(k))). For most
problems, the optimization converges quickly. Figs. 8c and
8d illustrate the complexity of the proposed method based
on the statistics of a large number of synthetic problems.

— 2000 ——— Objective
——— Objective Tree Objective

Tree Objective

100 200 500 50 100 200 250

300 400 150
# of iterations # of iterations

(@) (b)

This paper
Simplex
Method

1000

800 40 1000

800
#of complex 40 600 600

400
constraints 20

# of target points
(©) (d)

Fig. 8. (a) Energy curve for matching a fluffy animal. (b) Energy curve for
matching person. (c) The number of iterations is determined by the num-
ber of complex constraints but is independent of the number of target
points. (d) The proposed method is more efficient than the simplex
method.

400
#of complex 20 00

200 constrants # of target points

The proposed method is much more efficient than a direct
linear programming using the simplex method. By embed-
ding target points on grids and using the distance transform
trick [32] to solve the dynamic programming on trees, it
becomes possible to solve problems with millions of target
points.

Sensitivity analysis. The proposed method has four coef-
ficients A, i,y and ¢ that control the weight for different
terms in the objective function. Sensitivity analysis on lin-
ear programming has been well known [37]. One byprod-
uct of the simplex method is that we can further obtain
the range in which the parameters in the objective can
vary without affecting the optimal solution. Sensitivity
analysis on mixed integer linear programming is a much
harder problem [38]. In this paper, we use a statistical
approach to analyze sensitivity of these coefficients. We
test the sensitivity of setting these parameters using
ground truth point set matching. To simplify the process,
we vary a single parameter in each test while keeping
others fixed. In the first test, we change ), the coefficient
of the local matching cost, to test how changing the rela-
tive weight between the local term and global terms
affects the result. In the second test, we change y, the coef-
ficient of the scale consistency term and test how changing
the relative weight between the scale term and rotation
term affects the result. We set the weight of the optional
term, ¢, to be zero.

For each parameter setting, we run the random point
matching experiment 500 times and we compute the mean
matching error. In this test, the template image contains
30 points and we randomly select 10 as the template points.
The size of the template object is 200 pixels. We set the noise
level to 1/3 and the distortion parameter to 0.01. The
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Fig. 9. (a-b): We use the ground truth point matching to test how sensi-
tive our matching result is to the parameter setting. The template object’s
size is 200 pixels. As shown in the two test cases, the proposed method
is not sensitive to parameter settings. (c) and (d) show the matching
costs of strong and weak features on the INRIA Graffiti test images one
and two. (c): Top 20 matching costs of strong features, whose lowest
cost matching corresponds to the correct target. Each line corresponds
to a feature point. (d): Top 20 matching costs of weak features, whose
lowest cost matching does not find the target. Each line corresponds to
a feature point.

distortion is defined as the ratio of the range of perturbation
of each point to 200, the size of the object. Figs. 9a and 9b
illustrate how the average matching error varies as the
parameters change. As shown in Figs. 9a and 9b, the mean
error changes gradually as the weights change in a large
range; the variation of the matching error is small relative to
the object size. The proposed method is thus not sensitive to
small perturbations of the parameter settings.

Manual tuning can be used to adjust these few parame-
ters A, i, y and ¢, or they can be optimized if training data is
available. When the features are weak, features match to
everywhere with similar costs. The local feature matching
cost thus does not count much in the matching; the spatial
consistency term (the global term) dominates in this case.
As shown in Figs. 9c and 9d weak SIFT features have quite
flat matching cost curves. For matching that involves such
weak features, we do not have to change the weight
between the global term and the local term; the optimization
handles them implicitly. In the extreme case where most
features are “bad” (local features match wrong targets with
much lower costs than matching to the correct points), we
need to either give a much higher weight on the spatial
terms or completely discard the local cost terms. For differ-
ent model graphs, ideally the parameters should be re-
trained to achieve the best result even though a typical set-
ting usually works well across graph models. In this paper,
the parameter setting for all the synthetic point matching
experiments is A =1, =10,y = 10 and ¢ = 0. For all the
real image matching experiments, the parameter setting is
A=1,u =100,y = 100. In the SIFT feature matching and
the region matching ¢ = 10~° and in the real image patch
matching ¢ = 0.

Parameter optimization. If we have enough ground truth
training samples, we can also optimize these parameters.
Since we minimize the energy function in Eq. (1), we need
to set the parameters so that for each training image the cor-
rect matching has lower energy than incorrect ones. For
ease of notation, we use v to represent the vector of A, i,y
and ¢, vector u[(}') to represent the positive matching’s
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Fig. 10. Example matching of the proposed method on synthetic data:
(a) fish one with zero clutter, (b) fish one with 50 clutter points, (c) fish
two with zero clutter, (d) fish two with 25 clutter points, (e) Chinese char-
acter with zero clutter, (f) Chinese character with 10 clutter points,
(g) random points with zero clutter and 0.1 distortion, and (h) random
points with 25 percent clutter and 0.1 distortion. Ten points are randomly
selected on each template for matching. We introduce different levels of
clutter to the target images in the experiments. The object deformation
for the fish and Chinese character is fixed. The distortion for random dot
targets varies in different test cases.

energy values in the objective function weighted by these
coefficients for training image 7, and u"/) to represent the
Jjth incorrect matching’s energy values in the objective func-
tion weighted by these coefficients for training image q.
Here, we use a similar formulation as [17]. We optimize the
following linear program:

max Z t;
3
s.t. UT(uS’J) — ug')) >ti, Vi, g

vI1=1,v>0.
The optimal coefficients v maximize the margin between the
objective function of the positive and negative samples. To
avoid bias, the training samples should have the same num-
ber of template points. The optimization can be efficiently
solved using the simplex or interior point method. The
parameter setting is not sensitive and therefore the trained
parameters are expected to be able to be generalized to real
applications.

3 BENCHMARKING USING GROUND TRUTH DATA

We benchmark the performance of the proposed method on
synthetic point data sets, which have been widely used in
testing matching performance. There are two sets of test pat-
terns: one is the fish and Chinese characters in [20], [23], the
second set of test patterns consists of random dots. Example
matchings provided by the proposed method on these pat-
terns are illustrated in Fig. 10. In each experiment, we ran-
domly select 10 model points from the template image to
form a template graph. The matching is a challenging task
even for clean target images since other points act as clutter
points and there are 10 times more clutter points than model
points. The target patterns of the fish and character are
smoothly deformed from their templates, while the target
points of random dots are randomly perturbed to simulate
deformation. We use a distortion factor to quantify the
perturbation range: a distortion of 0.1 corresponds to range
0-20 pixels and a distortion of 0.01 corresponds to range
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Fig. 11. Using ground truth synthetic data, we compare the proposed
method with image matching approaches: tensor method [29], RANSAC
[33], linear matching [28], local affine invariant matching [36] and DP on
quantized scales and rotation angles. F-1 and F-Il are two fish pattern
matching tests that include zero clutter. F-1(25) and F-11(25) use two fish
patterns and introduce 25 clutter points in the target. C is the Chinese
character matching test with zero clutter and C(10) includes 10 clutter
points in the target. R is the random dot test in which distortion is 0.1 and
clutter is 0. R(25) is the random dot test in which distortion is 0.1 and
clutter is 25 percent.

0-2 pixels. Clutter points are also included in the target pat-
terns. We randomly rotate and scale them to form the final
target images. The rotation angle is from 0 to 360 degrees
and the scale is from 0.5 to 2. Our method does not need to
specify a small upper bound for the scale; the range [0.5, 2]
is required by some competing methods. Our method
searches for the scale in the range of [0.001, 1,000]. For each
pair of template and target candidate points, the matching
cost is the lowest x* distance between their shape contexts
[23] over the range of scales and rotations.

We first compare the proposed method with a simple
method without using global constraints such as rotation
and scaling consistency. This greedy approach finds the
best match for each template point solely based on the local
matching cost. We test the methods using the random point
test. When there is zero clutter and distortion setting is
0.001, mean matching errors for the greedy method
and ours are 78 and 8.6 pixels respectively. At the level of
20 percent clutter and 0.1 distortion, the mean errors for the
greedy method and ours are 98 and 19 pixels. The size of
the template is around 200 pixels. These numbers show that
the local matching itself is unreliable and we need the global
constraints for good results.

We compare our method with state-of-the-art image
matching methods, including the tensor method [29],
RANSAC [33], linear matching [28] and local affine invari-
ant matching [36]. The code for [29] is modified to include
the local matching costs. In the comparisons, our method
uses only the rotation and scaling global constraints, while
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the g term is set to 0. A dynamic programming approach is
also compared: by quantizing the scale and rotation angle,
each discrete case contains only unary and pairwise con-
straints and can be solved by dynamic programming. This
DP approach is in fact a variant of the Generalized Hough
Transform. The quantization intervals for the scale and
rotation are 0.1 and 5 degrees respectively. The DP
method uses the same set of parameters as the proposed
method in the objective.

We randomly generate 500 matching problems for each
test case and we use the average matching errors to quantify
the performance of each method. As shown in Fig. 11 and
Table 1, the proposed method has the lowest average
matching error in all the tests. Interestingly, our method
outperforms the discretized “exhaustive” search method
(DP) under the same parameter setting: search in the contin-
uous domain helps.

We further compare the proposed method with different
generic graph matching methods such as GA [9], PM [10],
SM [7], SMAC [8], IPFP [11], RRWM [12], U [2], Rank [4],
QCV [1], Path [1], and FGM [6]. The code for these methods
is from the authors’ websites, apart from the implementa-
tions of methods of Rank, U, QCV and Path which are from
GraphM [22]. We compare with different graph matching
methods using the random point matching ground truth
test. The template contains 10 points in the template image.
Similar to the previous random point matching test, a target
is a scaled, rotated and perturbed version of a template point
set with extra clutter points included. We use the shape con-
text distance in different rotations and scales to measure the
local matching costs. We adjust the combination weight
between the local term and the global term for the competing
methods to achieve their best results. We change the clutter
level and distortion setting and repeat each experiment for
500 times. We use the average matching error to quantify the
performance. As shown in Fig. 12 and Table 2, when there is
no clutter, FGM gives the lowest matching error and when
the clutter increases from 0 to 20 and 50 percent, our method
out-performs all the competing methods. The proposed
method is also several orders faster than FGM.

4 EVALUATION ON REAL IMAGES AND VIDEOS

We evaluate the proposed method using a variety of videos
on different features including SIFT [13], image patches,
and unreliable regions. Using a randomly selected template
in each experiment, we use the proposed method to match
the target object in cluttered videos. We also compare

TABLE 1
Matching Error Comparison with Image Matching Methods

This Paper RANSAC DP Linear Tensor Affine
Fish I (Clutter point # = 0) 3.1447 3.7736 4.1929 6.2893 13.417 48.637
Fish I (Clutter point # = 25) 4.6122 5.0314 5.2411 6.499 34.591 71.908
Random Dots (C=0,D =0.1) 24.319 26.205 32.704 36.897 51.363 130.4
Random Dots (C =25%, D =0.1) 33.753 37.317 413 41.09 65.618 128.3
Fish II (Clutter point # = 0) 19.078 34.591 26.415 23.48 59.958 62.055
Fish-II (Clutter point # = 25) 27.883 68.553 39.623 30.608 59.748 62.893
Character (Clutter point # = 0) 16.981 28.931 31.027 23.27 52.83 74.423
Character (Clutter point # = 10) 20.545 30.608 33.333 20.755 63.312 71.908

Best method for each test is shown in bold.
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Fig. 12. We compare the proposed method with GA [9], PM [10], SM [7], SMAC [8], IPFP-U and IPFP-S [11], RRWM [12], FGM-U and FGM-D [6],
U [2], Rank [4],, QCV [1], and Path [1]. In test T1-3, clutter C is 0 and distortion D is from 0.001 to 0.1. In test T4-6, clutter C is 20 percent and distor-
tion D is from 0.001 to 0.1. In test T7-9, clutter C is 50 percent and distortion D is from 0.001 to 0.1. IPFP-U and IPFP-S use undirected and directed
graph respectively. FGM-U and FGM-D also use undirected and directed graph.

TABLE 2
Matching Error Comparison with Graph Matching Methods

This paper GA PM SM SMAC IPFP-U IPFP-S RRWM FGM-U FGM-D U Rank QCV  Path
T1 (C=0,D=0.001) 44328 11.37 100.81 15.531 35.305 12.747 6.1172 1.166 0.9532 1.638 35.598 144.51 145.69 145.69
T2 (C=0,D=0.01) 5.0628 14.822 104.48 20.043 40.315 1529 9.5672 3.252 2178  4.5524 44232 110.94 32.701 32.701
T3(C=0,D=0.1) 40951 75.533 130.56 83.946 90.13 76.702 71.383 58.363 36.753 62.006 11197 1285 8857 88.57
T4(C=02,D=0.001) 13.801 59.994 138.71 90.798 65322 146.42 145.78 118.68 25.109 46279 13598 1457 110.73 110.73
T5(C =0.2,D=0.01) 18.414 64.083 138.72 92.012 68.894 147.48 14524 119.33 27.798 4887 136.78 143.44 1112 111.2
T6 (C=0.2,D=0.1) 64.708 102.4 142.85 115.61 106.38 14553 146.46 13297 75.14 97.684 146.48 149.33 130.8 130.8
T7 (C =0.5,D=0.001) 36.863 110.3 149.51 121.26 95.368 147.62 146.22 132.64 79.851 88.988 144.55 146.21 137.06 137.06
T8 (C=0.5,D=0.01) 37.697 111.08 149.82 120.92 96.812 146.52 145.64 1346 79.687 97.386 1444 146.48 13536 135.36
T9(C=0.5,D=0.1) 85.572 124.56 149.85 131.6 124.09 147.56 148.86 141.48 110.79 119.04 148.49 149.64 139.15 139.15

Best method for each test is shown in bold.

with the competing methods used in the synthetic data
experiments.

Matching SIFT. We first match SIFT features and test
whether the proposed method still has an advantage over
the competing image matching methods. In this experi-
ment, the proposed method also uses an optional affine
constraint g, i.e., the target of the root model point is con-
strained to be close to a point that is the linear combina-
tion of all the other target points; the coefficients are
determined from the layout of the model points. We
select the top five model points with the lowest best and
second-best matching candidate cost ratio [13] to form the
model graph. To simulate challenging situations, for each
model point, we corrupt the best matching candidate cost
and let it equal the second best matching cost. Fig. 13
shows the comparison results for the 429-frame cup

RANSAC
48% 5%

This paper | DP
90% 63%

Linear
88% 8%

Fig. 13. Matching 429-frame cup sequence. The sample result shows
how the proposed method (a) improves the result over DP (b),
RANSAC (c), tensor [29] (d), linear [28] (e) and local affine [36] (f)
method. The table summarizes the detection rates for the video.

sequence. Due to the complexity of the tensor method
[29] we have to use a higher threshold to reduce the num-
ber of SIFT features. We use visual inspection to quantify
the detection rate: if all the model points match correctly,
we have a correct detection. In this experiment, the pro-
posed method achieves a 90 percent detection rate, which
is the highest. It also has a complexity similar to the effi-
cient linear [28] and affine [36] methods.

Matching image patches. We test the reliability of the
algorithm when using non-distinctive features. We use
edge pixels and image patches for matching. The target
candidate points include all the edge pixels in the target
image. The local matching cost is the lowest cost of the
image patch matching at different rotations; because the
image patch is small it is roughly scale invariant. We run
the algorithm on a 400-frame sequence of a person run-
ning (Fig. 14). With such rough features, the proposed
method still reliably matches the target with a 97 percent

Fig. 14. Matching using edge pixels on a 400-frame sequence of a per-
son running. The detection rate is 97 percent. Average running time is
0.7 s per frame.



Fig. 15. Matching a car using superpixels. The firstimages in rows 1 and
3 show the template image and the region template. Five regions are
found on the template and form a graph model. Using the template we
match regions in the target images. Original target images are shown in
rows 1-2. The matching results are shown in rows 3-6.

detection rate. It is also efficient: the typical running time
of the optimization is 0.7 s per frame.

Matching unreliable regions. We demonstrate the ability
of LAT method on using simple features to match unreli-
able regions. This setting enables fast object matching.
However, drastic region variation, non-distinctive fea-
tures and strong clutter also pose a great challenge. Previ-
ous techniques [41], [42] rely on strong features that are
expensive to compute or hierarchical region matching
that has high complexity.

We over-segment images into superpixels using [31]. The
model points and target points are superpixel weight centers
in the template and target images. The weak features we use
include: the average chromaticity of each superpixel, and a
shape feature defined as the ratio between the two eigenval-
ues of the xy coordinate covariance matrix. Apart from the
global constraint of rotation and scale, we also use a linear
constraint g to enforce the total area consistency. This term is

Fig. 16. Matching a flag using superpixels. The firstimages in rows 1 and
3 show the template image and the region template. Three regions are
found on the template and form a graph model. Using the template we
match regions in the target images. Original target images are shown in
rows 1-2. The matching results are shown in rows 3-6.
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Fig. 17. Matching buildings using superpixels. The first images in rows
1 and 2 show the template image and the region template. Twelve
regions are found on the template and form a graph model. Using the
template we match regions in the target images. Original target images
are shown in row 1. The matching results are shown in rows 2-3.

optional. We use it mainly to demonstrate the flexibility of
the proposed method when introducing more constraints.
Even though superpixels may change size arbitrarily, the
overall object size equals the template size scaled by a factor.
gis defined as g = |tr(RT X) — s2t,| where R is the target area
matrix and ¢, is the template area. The global constraint func-
tion g can be linearized by letting g. = tr(R” X)— s3t, — w' +
w™ and g, = ¢p(w" + w) in Eq. (5), where ¢ is a constant coef-
ficient. s3 can in fact be replaced by a linear term s and at the
same time we need to square the constant scaling matrices
Sin Eq. (5).

Fig. 15 shows the result of matching a car in a video
sequence. The template image is randomly chosen. The tem-
plate graph is automatically generated from superpixels in a
manually labeled foreground area. Using the single tem-
plate, the proposed method finds the target cars in all the
target images. The superpixels, as shown in Fig. 15, are not
guaranteed to be consistent. There is unknown scaling and
rotation of the target object in these images. The fast motion
of the camera causes considerable motion blur and a person
passing the car also causes partial occlusion. It is challeng-
ing to match the target object. Our proposed method
matches the target car reliably in the video. In Fig. 16, we
show how the proposed method can be used to successfully

Fig. 18. Matching an outdoor scene using superpixels. The first images
in rows 1 and 3 show the template image and the region template. Nine
regions are found on the template and form a graph model. Using the
template we match regions in the target images. Original target images
are shown in rows 1-2. The matching results are shown in rows 3-6.
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[[This paper | DF T RANSAC [ Tensor [ Linear [ Alfine [ GA [ PM [ SM [ SMAC [ IPFP-U [ IPFF-S [ RRWM [ FGM-U [ FGM-D [ U] Rank [ QCV [ Paih |
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Fig. 19. Matching using superpixels on the 264 frame girl sequence. The girl sequence has strong background clutter and unstable superpixels.
(a) is the template. The sample result of (b) the proposed method is superior to (c) DP, (d) RANSAC, (e) tensor [29], (f) linear [28], (g) local affine
[36], (h) GA [9], (i) PM [10], (j) SM [7], (k) SMAC [8], (I) IPFP-U [11], (m) IPFP-S [11], (n) RRWM [12], (o) FGM-U [6], (p) FGM-D [6], (q) U [2],
(r) Rank [4], (s) QCV [1] and (1) Path [1] method. The table summarizes the detection rates in the whole sequence.

match a flag, a deformable object, using a single graph tem- template parts. The proposed method still maintains the
plate. The target object also has large unknown scale efficiency and gives reliable results.

changes. In Figs. 17 and 18, we match buildings and an We further compare our method with 18 competing
outdoor scene layout. In this experiment, we have more methods on the challenging girl (Fig. 19) and mouse

[[This paper | DP_[ RANSAC | Tensor | Linear [ Affine [ GA [ PM [ SM [ SMAC [ IPFP-U [ IPFP-S [ RRWM [ FGM-U TFGM-D [ U T Rank [ QCV [ Paih
[T 90 | ®6% | 20% | 16 | 4% | 1% |02% | 0 |12% | 05% | 0 | 0 | 18% | 53% | 8% |091% | 0 | 59% | 59%

Fig. 20. Matching using superpixels on the 551-frames mouse sequence. The superpixels are unstable and change drastically from frame to frame
due to the subtle color difference on the object and shading changes when the object rotates. The color of the mouse is also similar to the superpixels
on the wall. (a) is the template. In the target frame, (b) the proposed method succeeds, but competing methods (c) DP, (d) RANSAC, (e) tensor [29],
(f) linear matching [28], (g) local affine matching [36], (h) GA [9], (i) PM [10], (j) SM [7], (k) SMAC [8], (I) IPFP-U [11], (m) IPFP-S [11], (n) RRWM
[12], (o) FGM-U [6], (p) FGM-D [6], (q) U [2], (r) Rank [4], (s) QCV [1] and (t) Path [1] fail. The table summarizes the detection rates in the video.
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Fig. 21. Results of the proposed method on real world data. The first column shows the randomly selected templates. Row 1: mouse (551 frames)
has drastic superpixel changes and similar foreground to the background. Row 2: girl (264 frames) has strong clutter. Row 3-6: dance-1I
(713 frames), gym (386 frames), dance-11 (792 frames), and skate (472 frames) have complex articulated movement, large deformation and self-
occlusion. Dance-1ITI also includes a few human subjects with similar shapes and colors that form hard structured clutter. The videos are at http://

www.cs.bc.edu/ ~hjiang/details/cvpri1/index.html.

(Fig. 20) sequences. These sequences involve rotation and
large scale changes. The human subject in the girl
sequence also includes articulated movement. In this test,
the detection rate is determined by visual inspection. Due to
unreliable segmentation, we check the overall detection
result, i.e., we transform the model points using an affine
transformation that is based on the region center correspon-
dence and examine whether the matching is correct. Consis-
tent with the results from the ground truth experiments, the
matching results of the proposed method are significantly
better than all the competing methods. The proposed
method still works reliably even when the local features
become quite weak. The LAT model enables the proposed
method to maintain the performance in challenging situa-
tions. It is also efficient: the optimization takes less than a
second for a target image with hundreds of superpixels.

In this test, RANSAC gives more reliable results than
many more complex matching schemes. This is in fact not
a surprise, RANSAC can still work in highly cluttered
images, because it only requires two feature points to
have roughly correct matching to succeed. Many graph
matching methods are more sensitive to clutter. The
second best method is the brute force exhaustive search
in each quantized scale and rotation. The downside of

this approach is that it needs detailed quantization inter-
vals to give good results and therefore the procedure that
enumerates all these cases is several orders of magnitude
slower than the proposed method. The proposed method
works directly in the continuous domain of scale and
rotation and is equally efficient regardless of what the
scaling range is.

We apply the proposed method on four other challeng-
ing video sequences downloaded from YouTube (Fig. 21).
The detection rates and average running time of the pro-
posed method when applied to the six different videos are
listed in Fig. 22. The proposed method robustly matches the
target in these sequences with a detection rate from 90 to
98 percent. In the dancing sequence, our method matches
the articulated person correctly because region matching
reduces articulated matching to deformable object matching
problems. Our method can also deal with partial occlusion

Mouse | Girl | Dance-I | Gym | Dance-II | Skate

Num. Frames | 551 264 713 386 792 472
Rate 90% | 91% | 98% | 90% 94% 91%
Avg. Time (s) | 0.78 | 042 | 0.03 0.02 0.07 0.05

Fig. 22. The average running time for optimization in one frame is mea-
sured on a 2.8 GHZ machine.



JIANG ET AL.: SCALE AND ROTATION INVARIANT MATCHING USING LINEARLY AUGMENTED TREES

by enforcing the global spatial constraint. When feature
points are occluded in target images, the corresponding
template points match all the candidates with similar costs
and global spatial constraints help find the correct match-
ing. The few failure cases in these tests are due to the simple
features we use; more sophisticated features will further
improve the performance.

5 CONCLUSION

We propose a novel formulation for scale and rotation
invariant matching using Linearly Augmented Tree con-
straints. Due to LAT’s special structure, we can solve the
relaxed matching problem efficiently by solving a
sequence of easier dynamic programming problems. The
proposed method operates in the continuous domain and
therefore avoids the problem of quantizing scale and rota-
tion parameters. The optimization algorithm also searches
in virtually unbounded scaling ranges with the same effi-
ciency. Our experimental results on ground truth data and
real images demonstrate that the proposed method is
more reliable than previous methods. The experiments
confirm that our method attains high performance even on
very weak features such as unreliable regions. We believe
our method is generic and can be adapted to solve prob-
lems in other application domains including pose estima-
tion and object tracking.

ACKNOWLEDGMENTS

This work was supported in part through US National
Science Foundation grants 0713168, 0910908, 1029430 and
1018641. H. Jiang is the corresponding author.

REFERENCES

[1] M. Zaslavskiy, F. Bach, and J.-P. Vert, “A path following algo-
rithm for the graph matching problem,” IEEE Trans. Pattern Anal.
Mach. Intel., vol. 31, no. 12, pp. 2227-2242, Dec. 2009.

[2] S. Umeyama, “An eigendecomposition approach to weighted
graph matching problems,” IEEE Trans. Pattern Anal. Mach. Intel.,
vol. 10, no. 5, pp. 695-703, Sep. 1988.

[3] H. A. Almohamad and S. O. Duffuaa, “A linear programming
approach for the weighted graph matching problem,” IEEE Trans.
Pattern Anal. Mach. Intel., vol. 15, no. 5, pp. 522-525, May 1993.

[4] R.Singh, J. Xu, and B. Berger, “Pairwise global alignment of pro-
tein interaction networks by matching neighborhood topology,”
in Proc. 11th Annu. Int. Conf. Res. Comput. Molecular Biol., 2007,
pp- 16-31.

[5] J.Maciel and ]. P. Costeira, “A global solution to sparse correspon-
dence problems,” IEEE Trans. Pattern Anal. Mach. Intel., vol. 25,
no. 2, pp. 187-199, Feb. 2003.

[6] F.Zhou and F. De la Torre, “Deformable graph matching,” in Proc.
IEEE Conf. Comput. Vis. Pattern Recognit., 2013, pp. 2922-2929.

[7] M. Leordeanu and M. Hebert, “A spectral technique for corre-
spondence problems using pairwise constraints,” in Proc. 10th Int.
Conf. Comput. Vis., 2005, pp. 1482-1489.

[8] T. Cour, P. Srinivasan, and J. Shi, “Balanced graph matching,” in
Proc. Adv. Neural Inform. Process. Syst., 2006, pp. 313-320.

[9] S. Gold and A. Rangarajan, “A graduated assignment algorithm
for graph matching,” IEEE Trans. Pattern Anal. Mach. Intel., vol. 18,
no. 4, pp. 377-388, Apr. 1996.

[10] R. Zass and A. Shashua, “Probabilistic graph and hypergraph
matching,” in Proc. IEEE Conf. Comput. Vis. Pattern Recognit., 2008,
pp- 1-8.

[11] M. Leordeanu, M. Hebert, and R. Sukthankar, “An integer pro-
jected fixed point method for graph matching and MAP
inference,” in Proc. Adv. Neural Inform. Process. Syst., 2009,
pp. 1114-1122.

2571

[12] M. Cho, J. Lee, and K. Lee, “Reweighted random walks for
graph matching,” in Proc. 11th Eur. Conf. Comput. Vis., 2010,
pp- 492-505.

[13] D. G. Lowe, “Distinctive image features from scale-invariant key-
points,” Int. J. Comput.Vis., vol. 60, no. 2, pp. 91-110, 2004.

[14] P. F. Felzenszwalb and D. P. Huttenlocher, “Pictorial structures
for object recognition,” Int. |. Comput.Vis., vol. 61, no. 1, pp. 55-79,
2005.

[15] S. Roy and I J. Cox, “A maximum-flow formulation of the n-
Camera stereo correspondence problem,” in Proc. Int. Conf.
Comput. Vis., 1998, pp. 492-499.

[16] R. O. Duda and P. E. Hart, “Use of the hough transform to detect
lines and curves in pictures,” Commun. ACM, vol. 15, no. 1,
pp. 11-15,1972.

[17] M. Szummer, P. Kohli, and D. Hoiem, “Learning CRFs using
graph cuts,” in Proc. 10th Eur. Conf. Comput. Vis., 2008, pp. 582—
595.

[18] V.Kolmogorov and R. Zabih, “What energy functions can be min-
imized via graph cuts?” IEEE Trans. Pattern Anal. Mach. Intel.,
vol. 26, no. 2, pp. 147-159, Feb. 2004.

[19] Y. Weiss and W. T. Freeman, “On the optimality of solutions of the
max-product belief propagation algorithm in arbitrary graphs,”
IEEE Trans. Inf. Theory, vol. 47, no. 2, pp. 723-735, Feb. 2001.

[20] H. Chui and A. Rangarajan, “A new algorithm for non-rigid point
matching,” in Proc. IEEE Conf. Comput. Vis. Pattern Recognit., 2000,
vol. 2, pp. 44-51.

[21] A. C. Berg, T. L. Berg, and J. Malik, “Shape matching and object
recognition using low distortion correspondence,” in Proc. IEEE
Conf. Comput. Vis. Pattern Recognit., 2005, pp. 26-33.

[22] GraphM-Graph matching package, (2011). [Online]. Available:
http://cbio.ensmp.fr/graphm

[23] S. Belongie, J. Malik, and J. Puzicha, “Shape matching and object
recognition using shape contexts,” IEEE Trans. Pattern Anal. Mach.
Intel., vol. 24, no. 4, pp. 509-522, Apr. 2002.

[24] V. Chvatal, Linear Programming. New York, NY, USA: Freeman,
1983.

[25] C. J. Taylor and A. Bhusnurmath, “Solving image registration
problems using interior point methods,” in Proc. Eur. Conf. Com-
put. Vis., 2008, pp. 638-651.

[26] N. Komodakis and G. Tziritas, “Approximate labeling via graph-
cuts based on linear programming,” IEEE Trans. Pattern Anal.
Mach. Intel., vol, 29, no. 8, pp. 1436-1453, Aug. 2007.

[27] V. Kolmogorov, “Convergent tree-reweighted message passing
for energy minimization,” IEEE Trans. Pattern Anal. Mach. Intel.,
vol. 28, no. 10, pp. 1568-1583, Oct. 2006.

[28] H.Jiangand S. X. Yu, “Linear solution to scale and rotation invari-
ant object matching,” in Proc. IEEE Conf. Comput. Vis. Pattern Rec-
ognit., 2009, pp. 2474-2481.

[29] O.Duchenne, F. Bach, I. Kweon, and J. Ponce, “Tensor-based algo-
rithm for high-order graph matching,” in IEEE Conf. Comput. Vis.
Pattern Recognit., 2009, pp. 2383-2395.

[30] H. Li, X. Huang, and L. He, “Object matching using a locally
affine invariant and linear programming techniques,” IEEE
Trans. Pattern Anal. Mach. Intel., vol. 36, no. 2, pp. 411-424,
Feb. 2013.

[31] P.F. Felzenszwalb and D. P. Huttenlocher, “Efficient graph-based
image segmentation,” Int. |. Comput. Vis., vol. 59, no. 2, pp. 167—
181, 2004.

[32] P. Felzenszwalb and D. Huttenlocher, “Efficient matching of pic-
torial structures,” in Proc. IEEE Conf. Comput. Vis. Pattern Recognit.,
2000, pp- 66-73.

[33] M. A. Fischler and R. C. Bolles, “Random sample consensus:
A paradigm for model fitting with applications to image analysis
and automated cartography,” Commun. ACM, vol. 24, no. 6,
pp- 381-395, 1981.

[34] L. Torresani, V. Kolmogorov, and C. Rother, “Feature correspon-
dence via graph matching: Models and global optimization
export,” Eur. Conf. Comput. Vis., 2008.

[35] N.Komodakis, N. Paragios, and G. Tziritas, “MRF energy minimi-
zation and beyond via dual decomposition,” IEEE Trans. Pattern
Anal. Mach. Intel., vol. 33, no. 3, pp. 531-552, Mar. 2011.

[36] H. Li, E. Kim, X. Huang, and L. He, “Object matching with a
locally affine-invariant constraints,” in Proc. IEEE Conf. Comput.
Vis. Pattern Recognit., 2010, pp. 1641-1648.

[37] S.P.Bradley, A. C. Hax, and T. L. Magnanti, Applied Mathematical
Programming. Reading, MA, USA: Addison-Wesley, 1977.



2572

[38]

[39]

[40]

[41]

[42]

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL.37, NO.12, DECEMBER 2015

M. W. Dawande and J. N. Hooker, “Inference-based sensitivity
analysis for mixed integer/linear programming,” Oper. Res.,
vol. 48, no. 4, pp. 623634, Jul. 2000.

A. Albarelli, E. Rodola, and A. Torsello, “Imposing semi-local geo-
metric constraints for accurate correspondences selection in struc-
ture from motion: a game-theoretic perspective,” Int. |. Comput.
Vis., vol. 97, no. 1, pp. 36-53, Mar. 2012.

G. B. Dantzig and P. Wolfe, “Decomposition principle for linear
programs,” Oper. Res., vol. 8, no. 1, pp. 101-111, 1960.

V. Hedau, H. Arora, and N. Ahuja, “Matching images under
unstable segmentations,” in Proc. IEEE Conf. Comput. Vis. Pattern
Recognit., 2008, pp. 1-8.

S. Todorovic and M. C. Nechyba, “Dynamic trees for unsuper-
vised segmentation and matching of image regions,” IEEE Trans.
Pattern Anal. Mach. Intel., vol. 27 no. 11, pp. 1762-1777, Nov. 2005.

Hao Jiang received the PhD degree from Simon
Fraser University in 2006. He is currently an
associate professor in the Computer Science
Department at Boston College. Before he joined
BC, he was an associate researcher at Microsoft
Research Asia and a postdoctoral research fel-
low at the University of British Columbia. His cur-
rent research interests include object matching
and detection, tracking, human pose estimation,
and action recognition.

Tai-Peng Tian received the PhD degree from
Boston University in 2011. Currently, he is a
research scientist in the Computer Vision Lab at
the General Electric Global Research Center. He
was a research scientist at Singapore General
Hospital, where his work focused on medical
image analysis. His recent research interests
include human motion analysis, discrete, and
combinatorial optimization.

Stan Sclaroff received the bachelors degree
in computer science and English from Tufts
University, in 1984, and the masters and PhD
degrees from the MIT Media Lab, in 1991 and
1995, respectively. He is currently a professor in
the Department of Computer Science at Boston
University. He chaired the Department from 2007
to 2013. He is a founder and co-head of the
Image and Video Computing research group at
Boston University. His current research interests
include object tracking and recognition, analysis
of human activity and gesture, and image/video database indexing,
retrieval and data mining methods.

> For more information on this or any other computing topic,
please visit our Digital Library at www.computer.org/publications/dlib.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


